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1. INTRODUCTION

A Lidstone series provides a two-point expansion of a given function f{(z}
in the form

@) = f(1) Ayz) + f(0) A1 — 2) + (1) 4u(2)
+ 10 A — 2y A+ o (1.1
where 4A,(z) is a polynomial of degree 2»# + I defined by the generating
function

sinh z¢
sinh ¢

= Y 1*n4,(2). (1.2}
n=0

Lidstone series have received much attention by H. Poritsky, I. J. Schoen-
berg, D. V. Widder, R. P. Boas, Jr. and others. For relevant literature on
the subject, see Boas [1].

A function f(x), having derivatives of all orders on an interval [g, 3],
with the additional properties (—1)* f2(x) =0 (e <x < n=10,1,..},
is said to be completely convex on that interval. Widder [5, 6] studied the
relationship between functions having a Lidstone series representation and
the class of completely convex functions. He showed that a function f(x)
has an absolutely convergent Lidstone series representation if and only if it
can be written as the difference of two minimal completely convexfunctions[&].
Boas [1] pointed out the difficulty in applying Widder’s necessary and suffi-
cient condition to an arbitrary function f(x). He then gave simple necessary
conditions and sufficient conditions for representation of functions by Lid-
stone series.

Recently, Leeming and Sharma [3] have introduced an extension of the
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124 LEEMING

Lidstone series (called p-Lidstone or (p, L) series), and of completely convex
functions (called completely W ,~convex functions), which led to a generali-
zation of Widder’s result [3, Theorem IV].

It is the object of this paper to give a generalization of the results of Boas [1]
using the terminology and results given in {3].

In the remainder of Section 1 we give the notation and basic definitions
used throughout the paper. In Section 2, we state and prove two theorems
giving necessary conditions for representations of functions by (p, L) series.
Section 3 contains four theorems which give sufficient conditions for repre-
sentation of functions by (p, L) series.

Set
o fon+i d (_ l)n [245x]
Npi(®) =Y ——— M, t) = ) ~——7 1.3
1',3( ,) n;) (pn —‘l_J)! ﬁ;]( ) ﬂ;} (pn +_])! ( )
(G=0,1,...,p—1;p=2,3,..).
We denote the positive zeros of M, , 4(t) by
A<y < <A, < (1.4

DepiniTION 1.1 The (formal) representation of a function /e C* [0, 1]
@ =Y [0 Coul@) + L F IO Apnes@]  (15)
=0 =0

where {Cpu(2)} oo and {4, i (@}ne (G =0, 1,..., p — 2) are defined by the
generating functions

Np.p—l(Zt)

i 17mCL.(2) = N, .0 (1.6)
i tnid,  (Z) = N, (zt) — Ny () Np,p(21) 1.7

n=0 Np.p—l(t)

(j=0,1,.,p —2) and N, ) is given by (1.3) is called the p-Lidstone
(or (p, L)) series of f(z).

DErFNITION 1.2, A real valued function f defined on [a, b] is said to be
completely W -convex if

() feC”[a,b]
() (—DFfeR(x) =0 (@a<x<bhk=0,1,..)
(i) (—DEfor@) >0 (=1,2.,p—2;k=0,1,.).
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GENERALIZED LIDSTONE SERIES

Remark. 1If we set p = 2 in (1.5) we have the Lidstone series expansion
(1.1). Further, setting p = 2 in Definition 1.2 we have the class of completely
convex functions.

2. SoME NECESSARY CONDITIONS FOR REPRESENTATION OF FUNCTIONS BY
{(p, L) SERIES

We shall show that results similar to those of Boas for the Lidstone series
[1] hold for representation of a function by a {p, L) series. In particular
We Prove,

THEOREM 2.1. If the (p, L) series of f(z) converges absoluteiy to f{(z) then
F@ = 0rr) (2] ) @5
where A, is given by (1.4).
THEOREM 2.2. No condition of the form

J@) = 0{g(lz ety (2] — o) (

where §(r) — 0 as r — <o and ¢ is independent of f is necessary for the absolute
convergence of the (p, L) series to f(z).

19

23

In order to prove Theorem 2.1 we require some preliminary results. Dzfine

((x — )Pt — (1 — )Pt x4 0<r<x

I ) — <
(P D Kl(x, t) —(1 — 1)P-1, xv-1 O<x < K

Ki{(x, t) is the Green’s function for the differential system

(YP) = $(x)

¢ , - 2.4
(y(l) = 0, 1(0) =y (0) — eee mme J,s(p—a)(o) — 0’ {2z 4/
where ¢(x) is any function continuous on [0, 11 so that
1 2 e
y0) = [ KaCe, 1) (1) di. (2.5)

If we denote the iterates of Ky(x, ¢) by

a1
K (x, 1) = J0 Ky(x, u) K, _1(u, t) du (n =23, (2.6
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then we have

LemMma 2.1. Iff(x)e C> [0, 1], then

n—1 »—2 n—1

f(x) = Z FOOD) Cox) -+ 3 3 FH0) Aprss(x) + Ralx, ), (2.7)

j=0 k=0

where

{Caina  and {Ap, (i (G =01,.,p—2)
are defined by (1.6) and (1.7) and

RiGo ) = | K, 00 di 9
0
with K, (x, t) given by (2.3) and (2.6).

Lemma 2.2. If f(x) is completely W ,-convex on [0,1] then for any
%0 < xp < 1),

) = flxg) x7 0 < x < xp), 2.9
FO) SFE =21 (xp<x <D (2.10)

Note. Throughout the paper we use B to denote suitable constants (not
necessarily the same) which are independent of n and x unless otherwise
stated.

LemMa 23. (@) For0<x<1l,n=1,2,..,

o

0 < (—D" Cpul) < @.11)

pn
A1

tu

0 < (=1 dppui(x) < <% n=01,.,p—2). (2.12)

(b) For any fixed xy(0 < x, < 1) there is a constant B such that

(1" Colp) = Afn (n=1,2..), 213)

(—1)" Aypi(xg) = /\""’ G=0,1,.,p—2n=1,2.). (2.14)

The proofs of Lemmas 2.1-2.3 are given in [3].
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Lemma 2.4, If f(x) is completely W -convex on [0, 1] and
M, = max |f"(x),

then

(_l)nf(ﬂn)(x) > Mpn(xp~1 "xp)a (0 <X < 1: = 07 1"")' (215)

Proof. Suppose the maximum M,, is attained at x = x,. Then, by
Lemma 2.1, we have for 0 < x < x,

(=) fom() = (—1y» gﬁw@ () -]

R o]
D)) R ) 216)

where

Ri(e. 50, f) = [ (1" Ky (Fo. 1) fosy di = 0

with K,(x, r) given by (2.3). Therefore, from Lemma 2.2

-1
— 1) Fm(x) > M, ( ) = Myt = M0t — 39 (217
B 0 K4

For the interval x, < x <

1, we expand f(x} using f{1), f(x,) and F9{0)
(j=1,2,...p — 2) to obtain

J1x) = fxo) Do(x) + f(1) Do(x) + I}Yﬁf 0) Ex(x) + R¥(x, x,[)

>, 500 s Xo.f) (2.18)
j=1
with
— xr 1 1 —xd i
Dy(x) = ——xp'f > Dy(x) = (_IT—- 1 —xr)
¢ (2.19)

JUE@) = % — 1 + (_1_—_:‘{_];)(1 — xr-y

I — xp-1

and, for x, <x <1, D(x) =0, D:(x) =0, E(x) =>20(y=12,....,p0 — 2}
Furthermore [3, Lemrna 7.3], R¥(x,x¢,f) =2 0, x, <x < 1; so we have

e b1
(1) fE() > My (12

itwr) = Myl — x771) = Mp,(x"t — x7).
0

(2.20;
This proves the Lemma.
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LemMA 2.5, Let K, (x, t) be defined by (2.3) and (2.6). If
~1
ga(x) = J Ko, @7t — 19y dt (n=1,2,..) (2.21)
0

then there exists a positive constant B such that

B
(— 1" gulxe) = s (2.22)
1

Proof. From (2.4)-(2.6), it follows easily that g.(x) has the properties

gflf”’ﬂ)(x) — xp*l — xp

(2.23)
g;'l,pk)(l) = 0; g;ﬁk+j)(0) =0 (_] = O, 1,...’1) — 2; k = 0’ 1,___, n— ]_)_
Therefore,
(p — 1)t xpnert ! xptr
gy = 2D 2 b Oy, (224)

(pn+p—NDI  (pn+p)!
where Q,,_;(x) is a polynomial of degree pn — 1. Thus by Lemma 2.1
i n+1 -2 o
g = Y. [g291) Cu9) + ¥ g0 4,,,0] @29
§=0

k=0

By (2.23) and the properties of Cuu(x), Aperi(x) (j=0,1,....p — 2;
k=0,1,.), (2.25) yields

800 = X [8990) ol + T g0 A, ]. 226

Using (2.24) and (2.25), (2.26) reduces to
gn(x) = —p! (Apnio(x) + Cpn+p(x)]- (2.27)

Therefore (_ 1)” gn(x) = (—l)n-Hp! [A:avn+1o(x) + sz+p(x)]'
From (2.13) and (2.14) we have (2.22) which proves the lemma.

Proof of Theorem 2.1. From Lemma 2.1,

F6) = T ) Cu) - 3, FOHO) Ay

- j " Ko, ) F o0 d, (2.28)
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where K,(x,t) is defined by (2.3) and (2.6). Since (—1)" K.(x,i} =0
O<x<L0< < ,n=12,.)[3, Lemma 4.2] and by Lemma 2.4

o1

[ Ko, 0f om0y dt
= [ (1 Kol 1Y D 1)
(]
> My [ (1 Koo 005 — 15) d = (1) 845,

Setting x = x,(0 << x, < 1) and applying Lemma 2.3 we have

BM y,

A{m%—p

1
f K (%o, ) f20() dt > > 0. (2.29)
a

From (2.7) we see that if the (p, L) series of f(x) converges to f{x)
for x = x40 < x, < 1), the left side of (2.29) approaches zero, hence
M,, < €,A"" where €, 0 as n— oo. It follows easily from a result of
Hadamard (see, e.g., [2, p. 13]) that M, < e A" (=0, 1,...,p — 1)
Therefore f%)(x) = O0(A%) as k — o0, so if z is any complex number, we have

@ (n) zn @© z|n T
If@l =) 1 ,(101) < ) Mnnl, - 0(e'*1™) as | z | — 0.
=0 * n=0 ‘

This proves the theorem.

THEOREM 2.2. No condition of the form
F@ =0{(z et}  (jz]— o) (2.30)

where ¢(r) — 0 as r — oo and ¢ is independent of f is necessary for the absolute
convergence of the (p, L) series to f(z).

Proof. Choose a sequence of positive numbers {Cm}:=o such that the
series Y.,,_q C,n/AY" converges, where A, is given by (1.4).
Define

@

@)= Z (—1)" €nCoul2). {2.31)

=0
If we set

1

r Ny a2t
Cam,l(z) = 2_777 J b2 1( )

A 232
N, o O @32)

640/3/2~2
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where N, , 4(¢) is given by (1.3) and I' is the circle | | = (A, + A;). From
Cauchy’s Residue Theorem it is easily shown that

("‘ l)n pMﬁo.p-l(ZAl) .

C.’ﬂ’n,l(z) - sz(z) = )\}WH-IMI) pao(Al)

(2.33)

Since M, ,_.(z7) is an entire function of exponential type | v |, and since

Ny, () is uniformly bounded away from zero for |z | = 1(A; -+ ), we
obtain the estimate
| Conl@)] < () A exp [5 O + M) 2 - (2.34)
: - AI + 2 2 ! ? )

Therefore the series (2.31) is absolutely convergent for every z. Set
z = x + iy and w = €*"¥/?_]n order to complete the proof of Theorem 2.2,
we require a lower bound on | f(vwy)|, and so we prove

Lemma 2.6. Forn=0,1,..and y =0,

— %) ppktp-1() Ypln—i-1)42
— Va(—1) /. L_.ﬁLl,_A._ )
L% w( 1) Con(n wJ’) = pd, go (pk Fp—1)! > (~35)
where A, is a positive constant depending only on p.
Proof of Lemma 2.6. Since we have [3, p. 15]
& My _a(xAy)
C () = __1 n+1 D, p—1 I , 236
D ( ) p( ) kz=:1 Mp’p_z(hk) A£n+1 ( )

where A\y(k = 1, 2,...) is given by (1.4). This representation of C,,(x) is valid
in [0, 1].

Case I: p = 2. Then (2.36) reduces to the Fourier Series expansion of
Con(x) and we have 4, = §, whereas Boas [1, p. 242] obtains the better
estimate § by summing a geometric series.

Case II: p > 2. Boas’ technique does not work, since the function
M, ,_(t) is not periodic for p > 2. However, using the properties of the
function M, ,_,(t) [4, p. 46] we have

Ciri(0) = 0 v=0,1,.,p—2) (2.37)

. ) i 1
@itp—D(O) — pf— 1\n+i+1
Cont? 0 = P Y e ) AT

_ p(—=1)y+ it ( 1 )(L)p(nﬂ'—l)ﬂ

T QeI 2 UM, 00 I\

o P(_ I)n—H' A:D.:f (238)

T ()P4
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Now forp > 2, {(—1V* M, ,»(A)}e. Is an increasing sequence of positive
numbers unbounded above [4], so for j = 0, 1,..., » — 1, we have

1 i F Ag \Pirmi—D2
A > — L (&
" Mp.p—‘.’.(hl) Mp,p_2\/\2) ( \2 )
1 AT
>~ )] =40

From (2.38) and (2.39) we have

pA . o A
Wﬁ};——!—m (] == 0, 1,.“, n— 1) (440}

(—1)=ti C;a;lihv—-l)(()) >
Since C{ 1 (x) = C#P(x) = (p — 1)!, we use the Maclaurin series
to express C,,(vwy) in the form

(1) Dyofeog) = (=10 3 “/“’J’)

J=0

C(J)(m

= (=" i (\/wY)pkw_l

e Ciohrr-((y
k=0(pk+p—l)! on 0

(

R R o G VLS i Ck+2-1(Q),
’\/(—v F=0 (pk +P - 1)‘ m

Therefore, we have

pk+1o 1

~ Vo(=1D" Cou(Vwy) = p4, Z m{

QDrin—i-bee, (241

This completes the proof of Lemma 2.6.
Substituting (2.41) in (2.31), we have, for y > 0,

— Vo fa) = = Vo 3 (~ 1) epCu(Vay)

nol ()R-l
2 7’ (AP N
nzl Conle) ;Z:o (pk +p— D!

PAp o g yA)retet
Al Te=1 (pk _i_p - 1)'
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where

9 = Z CraA)™® and ¢,—>0 as k— oo
n=k+1

Given any number ¢ > 0, when ¢y = p — 1 (mod p) we have, using Stirling’s
formula

— V) va

T w

A, f(Vwy)
& (pageert

Z G ) TN
1 ,;o(pk+p~l)!

= g, | Ay — Yy TR
ey (Np.p—l(.)/\l) Z (pk +p— 1)!2

n=cy+1

Nppi(7h) — 0 Wy pa0O0)], @ <0< )

'Np,ll—l(J’Al)[l - ( e)\l )cy+1] .

4

= qey

Z Gy

Now if ¢ is chosen so large that A;/c < 1/e, then we have

:—Igﬁﬁ—f (Vwy) = [1 — o(1)] ¢eyNp.pa( ¥

Therefore, for any given function ¢(r) such that ¢(r)—0 as r— oo,
we may choose the sequence {c,.}5_o S0 that g, will approach zero as slowly
as desired, so there is a function f(z) defined by the (p, L) series (2.31)
not satisfying (2.30). This completes the proof of Theorem 2.2.

3. SoME SUFFICIENT CONDITIONS FOR REPRESENTATION OF FUNCTIONS BY
(p, L) SERIES

The results of this section generalize the results given by Boas [1] for the
Lidstone series. Here we obtain similar results for ( p, L) series.

TueorEM 3.1.  The (p, L) series of f(z) converges to f(z) if
f@ =00z (2] ) 3.

where A, is given by (1.4).
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Before proving Theorem 3.1, we require

Lemma 3.1, Let K,(x, ) (n = 1, 2,...,) be defined by (2.2) and {2.5).
Then for 0 <x <1

0 < (—=1)r f: K, (x, 1) dt < /\?n (3.2)
The proof of Lemma 3.1 is given [3, Lemma 6.4, p. 18].
Proof of Theorem 3.1. If f(z) satisfies (3.1) then
F@l <z Dz |2 (3.3)

where 5(s) — 0 as s — co. Furthermore, for 0 < ¢ <{ 1 we have

flonei(r) = (P”zjij)! fc flz)dz

L (z — pyperit

UG=0,1.,p—2), (3.4
where C; is the circle | z | = 5@ > 1, and

s = 1 _}_p77+j .

1

et
[¥)
wn
Saase?

From (3.3) and (3.4) we have

. _ (pn 4 Hls |
| fomi()] < Hgﬁ max, [ f @D
_ (pl’l —{—j)!"](s(ﬂ) el\ls(]‘) (36)
S (5@ — [)pnHi (s@OYE

From (3.5) and Stirling’s formula, we have

B(pn + jyrnt] gmon—igt/2(5DL/2 p(50) ehls(j)
(s — [yprrst

| o) <

< B(A)P 8,(n) O<r <,
where

B0 = 2 (s 3.8

Let Sy(x) be the sum of the first NV terms of the (p, L) series (1.5). Then,
using (3.7), Lemmas 2.1, 2.2 and 3.1, we have

~1
FO) = Sanl] = || Kalr 0 | < B >0 (3.9)
0 '
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as n — oo. Furthermore, using (3.6) and inequalities (2.11) and (2.12) we have

lSanrk(x) - Spn(x)l =

f(pn)(l) sz(x) + Zf(:ﬂn+i)(0) Aﬂn+j(x)l

< B0V 80l Conl)] + 3. | A0} < B
so we have
[fO) — Spu®)) —0asn—> 0 (k=0,1,...,p— 1)

and this proves Theorem 3.1.
THEOREM 3.2. The (p,L) series converges absolutely to f(z) provided
f@ =0zl z [y (z]— o) (3.10)

where 7(r) } 0 and |~ =(r) dr converges.

Proof. From (2.34) we easily obtain the estimate

Belz[)«z
| Con(@)] < I (3.11)
A similar procedure yields the estimate
Be'#1%
l Amz+j(z)] < W » (312)

where (3.11) and (3.12) are valid for all complex z with B a suitable constant
and )\, and A, are given by (1.4).

If wesett=1forj=0,and r=0for j=0,1,..., p — 2 in (3.7), then
using (3.11) and (3.12), the (p, L) series of f(z) (given by (1.5)) is dominated
by the series ij ABS(n) where 4 and B are suitable constants. Therefore
(1.5) converges absolutely provided 3, _, 8,(n) converges for j = 0, 1,..., p = 2.
From (3.8) and since jw n(¥) dr converges, Theorem 3.2 is proved.

THEOREM 3.3. The (p, L) series may fail to converge when
f@=0E""  (z]— ) (3.13)

Proof. After Boas [1], consider the function f(z) = e* which satis-
fies (3.13). However, from (2.41)

— Vol Vo) = B (=00 G
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Now f#m)(1) = A"eh, so the terms of the form f(1) C,.{z) (n = 0, 1,..)
of (1.5) do not approach zero when z = vy (w = &*¥/?), hence (1.5}
cannot converge.

THEOREM 3.4. The (p, L) series may fail 1o converge absolutely when

f@=0(z["e"™)  (z]—>») (3.15)

A

where A; is given by (1.4).
Proof. After Boas [1], we consider the function

e/\l(z——l) —1

_ _ ¢ [z — DI
f{Z)— AI(Z_I) _1+Z

it

n=2
Now

A"
pn-+1

F() =

so from (2.13) we have for fixed x,(0 < x, < I}

B
(=" Cpulxy) = G n=12.)
1

Therefore, the (p,L) series of f(z) cannot converge absolutely for
z = x{0 < x < 1). However, by Theorem 3.1, the function f{z} is represented
by its (p, L) series (1.5).
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